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THE REGULARITY AND NEUMANN PROBLEM FOR NON-SYMMETRIC 

ELLIPTIC OPERATORS 

CARLOS E. KENIG* AND DAVID J. RULE 



1. Introduction 

We will consider the Dirichlet problem 

Lu = 0, in Q 
u = fo, on <9Q 



with boundary data f and the Neumann problem 



& • ,~s j Lu = 0, in Q 



(2) 



v ■ AVu = go, on dQ 



with boundary data go- Here v is the outward unit normal vector to dQ and 
L = divAV- is an elliptic operator in divergence form with coefficient matrix 
A = (cijj)ij. The matrix A is assumed to have real-valued bounded measurable 
entries (maxy ||«ij||x»>(Q) = A < oo) and satisfy the uniform ellipticity condition 



for some A > and all £ e R 2 , but A is not necessarily symmetric. The domain 
Q = {X = (x, t) e R 2 | cp(x) < t) is the domain above the graph of a Lipschitz 

function (p. In the sequel we will denote by t the tangent (l,(p')/(l + (cp') 2 )? to <9Q 
and d T = % ■ V the derivative along the boundary The conormal derivative will be 
v ■ AV. 

Let us begin by fixing some notation. The spaces C°° and are the spaces of 
smooth functions and smooth functions with compact support, respectively. For 
clarity, we will often indicate the domain of such functions, for example C"(R). For 
■ p e [1, oo] and E a subset of either R or R 2 the space lf(E) is the set of measurable 

functions /: E — > R such that ||/||lp(e) is finite, where 



\\V(E) 



(j E \fv>y, if p e [i,oo) 

ess sup E |/|, if p - oo 



defined with respect to the appropriate Lebesgue measure. We define U(E,M) 
similarly for functions F with values in At, the set of real-valued 2x2 matrices, by 
replacing the absolute value with \F\ := sup ; - where F = (fij)ij- The set W 1,p (E) 
is the familiar Sobolev space, consisting of functions in U{E) whose first-order 
derivatives (in the sense of distributions) also belong to EP(E) and W, ,p (E) the set 
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consisting of those functions in W 1,p (E') for every compact subset E' of E. We will 
consider the non-tangential approach regions 

T(Q) = {X e Q | |X - Q\ < (1 + a)dist(X, <?□)) 

for each Q e dQ (a > fixed). Here dist(X,<9Q) = inf Qe? Q |Q - X|. Recall the 
non-tangential maximal function for a function m on Q is a function N(m): dQ — » R 
given by 

N(u)(Q) = sup |u| 

r(Q) 

and the related version 



N(u)(Q) = sup f 1 f |„|- 



Xer(Q)tl B 6(X)/2(X)| Jb 8(x)/2(X ) ' 

Here |£| is the Lebesgue measure of a set E and B r = B,(X) = {Y\\X - Y\ < r] is the 
ball centred at X of radius r. The notation 6(X) is an abbreviation for dist(X, dQ). 

To solve Q and we will use the following weak formulations. It will be 
useful to introduce the space W 1,2 (Q) of functions / for which the norm 

(4) ll/lljvup, = l/POl 2 (jTf^pj + J a WWI 2 "ft' 

is finite and the space L 2 (<9Q) of functions / for which the norm 



" l2(5d) := (L l/(x)|2 a^ 

is finite, where do is Lebesgue surface measure on dQ. Denote by Tr: W 1/2 (Q) — » 
L 2 (<9Q) the trace operator initially defined on smooth functions <p as Tr(<p) = <p\dn 
and VVg' 2 (Q) the set of all / e W 1 - 2 (Q) with Tr(/) = 0. (One may readily check that 
Tr has a continuous extention to W 1/2 (Q), just as one shows Tr: W 1/2 (Q) — > L 2 ((?Q) 
is bounded (see, for example, 1 11 p258]).) 

Lemma 1.1. Given f e W 1 ' 2 (dQ,)nLi(dQ)r\L^(dQ), there exists a unique u e W 1 - 2 (Q) 
such that Tr(u) = fo and 



jr. 

JQ 



(5) | AVu-V<p = 

for all cp e Wq' 2 (Q). Moreover, there exists a constant C, depending only on A, A and Q, 
such that 

(6) IMIwwfn) 

<C(||/ || 

We call the u from Lemma ll~Tl the solution to with data fo. Let H : ((9Q) denote 
the classical Hardy space H J (R) (see, for example, |24 p87]) projected onto dQ, 
that is, 

H : (<9Q) = {/: dQ -> R\x h-> /(x, c/)(x))(l + (£'(x) 2 )5 e H X (R)} 

equiped with the obvious norm. We also introduce the homogeneous Sobolev 
space 

tV^(Q) = {u:a^R|||Vtt|b(q)<«>}, 
with norm || • Hw«(Q) = l|V • lb( Q) . 



THE REGULARITY AND NEUMANN PROBLEM 



3 



Lemma 1.2. Given go e H l (dQ), there exists a unique u e W 1,2 (Q) such that 

I AV«-V<p = J g Tr(cp)da 
Jo JdCl 

for all <p e W 1,2 (Q). Moreover, there exists a constant C, depending only on A, A and Q, 
such that 

(7) IMIw«(Q) < Q\go\\&(day 

We call the u from Lemma [L2l the solution to @ with data go. We will postpone 
the proofs of these lemmata until Section |5| Since, in general, we cannot assign 
a meaning to v ■ AVu\gQ, we should be careful as to exactly how we interpret the 
statement in that v ■ AVu - go on <9Q. It is well known that existence of the 
estimates in the following definition enable a certain non-tangential convergence 
to the boundary data to be established (see, for example, \T\\). 

Definition 1.3. (i) We say that the Dirichlet problem holds for p, or (D) p = (D) p holds, 

if for any u solving Q with boundary data f e L''(dQ) n W U (<9Q) n Ls (dQ) n }3 (dQ) 
we have 

l|N(ti)|b( 5 Q) < C(p)||/ |b(5Q). 

(ii) We say that the Neumann problem holds for p, or (N) p = (N) v holds, if for any u 
solving with boundary data go e LP(dQ) n H 1 (<9Q) we have 

l|N(VM)lb (< ?Q) < C(p)\\go\\ mdQ) . 
(Hi) We say that the regularity problem holds for p, or (R)p = (R) p holds, if for any u 
solving {7} with boundary data f e W l v(dO) n W 1 - 2 (^Q) n Ls(<9Q) n L%(dQ) we have 

\\N{Vu)\\ mda) < C(p)\\d t fo\\u(dn). 
In each case, the constant C(p) > must depend only on A, A, Q and p. 

The main result of this paper is the following. 

Theorem 1.4. Let L = divAV be an elliptic operator as defined above with coefficient 
matrix A = A(x) independent of the t-variable in the domain Q = {X = (x, t) e R 2 | <p(x) < 
t] above the graph of a Lipschitz function cp. Then (N) p and (R) p hold for some (possibly 
small) p > 1. 

In 2000, Kenig, Koch, Pipher and Toro [ 19 [ showed that the Dirichlet problem 
for an elliptic operator L = div A V in O C R 2 holds for some p ^ 2, where A has 
coefficients independent of the t-direction. The advance here was that the 2x2 
matrix A did not need to be assumed symmetric. The exponent p could not in 
general be specified, as they showed with an example. This example can be used 
to show the same is true in our case: For any given p there exist operators L as in 
Theorem ll.4l for which (N) p and (R) p do not hold. (This example is worked out in 
the Appendix.) Jerison and Kenig showed in |16| that when A is also symmetric 
(D)2 holds. In |21 [ Kenig and Pipher show that if (R) p holds in Q for some p then 

(D)py holds, where ~ + h = 1 and A t is the transpose of A. Here we will prove 

Theorem ll.4l by showing a reverse implication: if (D)^, holds and A is independent 

of the f-direction, then (N) p and {R) p hold, where A = A'/ det(A). Then, as a 
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simple corollary, the main result in 1 19 1 passes over to the Neumann and regularity 
problems to give Theorem ll.4l 

The layout of this paper is as follows. In Section|5]we fix some more notation 
and lay out some preliminaries. In Section[3]we begin by observing that a change 
of variables used in 1 19 1 can reduce our problem to coefficient matrices A which 
are upper trianglular. We then go on to show that the solvability of the Dirichlet 
problem allows us to reduce Theorem 11.41 to the boundedness of certain layer 
potentials. In Section |1J this boundedness is proved in the special case that the 
boundary of our domain has a small Lipschitz constant. In Section[5]we use David's 
method 1 9 [ to show that the layer potentials must also be bounded on domains Q 
when <p is an arbitrary Lipschitz function. As an appendix, we show the example 
in 1 19 1 serves the same purpose for Theorem ll.4l as it does for their Theorem 3.1. 

As is common practice the letter C will denote a constant whose value may 
change from line to line, but which can be fixed depending only on the constants 
A, A and the Lipschitz constant of (p. When a subscript is added the value will 
not vary from line to line, and when the constant depends on other parameters or 
when we wish to record the form of the dependency this will be noted explicity 
(for example, we wrote above C = C(p)). 

We would like to thank Steve Hofmann for helpful conversations and for making 
the related work by him and coauthors 1 1 1 available to us. 

2. Preliminaries 
The square function S(f) : dQ, — > R of /: O — > R is given by 

S(f)(Q) = ( f iv/| : 

and the Hardy-Littlewood maximal operator M: U{dQ) — > U(dQ) (1 < p ^ oo)is given 
by 

where A r (Q) = B r (Q) n dQ, and da is the Lebesgue surface measure of dQ. We also 
define M acting on functions F : R — > M analogously, replacing the absolute value 
with the corresponding matrix version and taking the supremum over intervals in 
R. A function K: R 2 — » M is said to be a Calderon-Zygmund kernel if there exists 
constants C > and a e (0, 1] such that 

(8) i^y)i<]^ 

for all x,y eR, x i= y, 

C\x - x'\ a 



(9) \K(x,y)-K(x',y)\<- 

(\x -y\ + \x' - y\) l+a 

when \x — x'\ < \ max{|x - y\, \x' - y\\, and 

(10) ^, y) . min< —^JI— 

when \y - y'\ < \ max{|x - y\, \x - y'\). Recall, for F = (/j y ), 7 , |f | := sup^ \fij\. For 
Banach spaces X and J/ dense in L 2 (R, M), a continuous linear operator T: X — > J/' 
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is said to be a singular integral operator associated to the Calderon-Zygmund kernel 
K if for each F e X and G e J/ with disjoint support, we have the representation 

(11) <G,T(F)>= f G{x) t K{x, y )F{y)dydx, 

where (•, •) is the standard inner product on L 2 (R, AX) and G(x) f is the transpose 
of G(x). The maximal singular integral operator T* associated to K is defined by first 
setting 

T^(F)(x)= [ K(x,y)F(y)dy 

J\y-x\>6 

and then T*(F) = sup 5>0 |T®(F)|. The following lemmata are well known for any 
elliptic operator as defined above (see, for example, 1 18 1 and fl3l Thm 8.24]). 



Lemma 2.1. Let u e H 1,2 (B 2r ) satisfy Lu = 0, then there exists a constant C > which 
depends only on A and A such that 



f |Vu(Z)| 2 rfZ< £ f |«(Z)| 2 dZ. 

Jb,. r JB 2r 



>B 2r 

Lemma 2.2. For u 6 H 1/2 (Bs r /4) such that Lu = and p > 1, there exists a constant 
C(p) > which depends only on A, A and p such that 



sup \u\ < C(p) 



Lemma 2.3. For u e H 1,2 (B3 r /2) such that Lu = 0, there exist constants C > and p > 2 
which depend only on A and A such that 



\Vuf\ s:C 



f IVuf 



Lemma 2.4. Let w e H lj2 (B r ) satisfy Lu = 0, f/ze« t/iere exists constants C > and 
a e (0, 1], depending only on A and A, such that 

\u(X)-u(Y)\<-^-\\u\\ L2{Br) \X-Y\ a , 

forallX,Y eB 2 r/ 3 - 

We will now prove Lemmata ll.ll and ll.2l 

Proof of Lemma II . II Without loss of generality we can suppose Q = R 2 = 
[(x, t)\t > 0), since the transformation O: Q — > R 2 given by <5(x, t) = (x, t - (p(x)) 
will yield the general case. Let Pt : R — > R denote the Poisson kernel: 

Pt(x) := 7i(M 2 + f 2 )- 

Let 

w{x,t) = f *P t (x):= I f (x-y)P t (y)dy 
Jr 

be the harmonic extension of fo to R 2 . We will show that 

(12) IMIwW(R 2 + ) ^ C (Wfo\\wV(dRl) + II/oIIl^^R 2 ) + ll/olll 17 "^))- 
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Using Holder's inequality 



r dx 

I NX)|2 (TTW) <C|NI ^)' 



but, by Fubini's Theorem, 



ini l u (r2+) = r ii/o*^ii l i /6(R) ^ 

*J 

= J^ ||/ *P t ||J 7/6(R) <ft + J ll/o*P f |l L t /6(R) ^. 



Now, using well-known properties of the Poisson kernel and Young's inequality 
(see, for example, |23|), we can bound this by 

\\Pt\\fn^ {R) dt 

17 17 

< C ll/oll L W(R) + C II/oIIl^(R)' 

S _10 

since HPfll/W^R) = Ct ? . This controls the first integral in the norm IM|^ U(r2) . To 
control the second, first observe that 

llp;ib ( R) = cr 2 , 

so, as before, 

ll/o*Ptlb(R)df+ J ll/0*P;ib(R)* 

Xoo 
iip;n L1(R) df <cii/oIIhu (5 r 2+ ). 

We may control ||<?2^IIl 2 (r 2 ) similarly since (via the Cauchy-Riemann equations) we 
know d 2 w = -diW, where w(x, t) = H(f ) * P,(x) and H: L 2 (<?R 2 ) -> L 2 (<?R 2 ) is the 
Hilbert transform. Thus M2> is proved. 
Now we will show 

(13) (V/ ¥>)■-» f AV^-V<p 

Jr 2 + 

defines a bounded coercive bilinear form on Wq' 2 (R 2 ). Linearity and boundedness 
are clear, so to prove coercivity we first observe that ip e Wq' 2 (R 2 ) can be extended 
to a function in W 1,2 (R 2 ) (the space with norm J3J but integrating over R 2 ), which 
we will also call simply by extending by zero. Then obviously ||Vi/>||j2(R2) = 
||Vi/;|| L 2( R 2). Thus, using Poincare's inequality, 

f lw|2 rI7W) <c [ W 2 + C t 2 ~ 2n f M 2 

J R 2 (1 + \A\) J Bj(0) Jb 2 „(0)\B 2 „_ 1 (0) 



<C f |V^| 2 + cY f 

Jfi 4 (0) ^ - , B2»(0)\B 2 „_ 1 

< c r iv^i 2 = c r iv^i 2 . 

Jr 2 Jr 2 



ivvi 



2 



THE REGULARITY AND NEUMANN PROBLEM 7 

Combining this with l|3j easily gives the coercivity. 

We may now apply the Lax-Milgram Theorem to find a unique v e Wq' 2 (R 2 ) 
such that 



[ AVv • V<p = \ -AViv ■ V<p 

JRI JRl 



for all cp e Wq' 2 (R 2 ). Then u = v + w e W 1,2 (R 2 ) is clearly the unique function in 

W 1 ' 2 (R 2 .) such that CD holds and Tr(w) = f . The estimate (3) follows from O and 
the Lax-Milgram Theorem. ■ 

A function / : R — > R is said to be of bounded mean oscillation, written / e BMO, 

if 



sapj\f(x)-jf\ 



dx < 



where the supremum is taken over all intervals IeR. 

Proof of Lemma 11.21 Once again, without loss of generality we may assume 
O = R 2 . The bilinear form <13t is clearly bounded and coercive on VV 1,2 (R 2 ) so to 
apply the Lax-Milgram Theorem it remains to check that 



I goMv) da 
J da 



is a bounded linear functional on W 1,2 (R 2 ) for a given go e H 1 (<9R 2 ). 

It suffices to check Tr: W 1,2 (R 2 ) — » BMO is a bounded operator. This is easily 
done as follows. Let I = Br D <9R 2 and = Br n R 2 , where Br is a ball with centre 
on <9R 2 . Denote by the average r + u, where B2R is the ball concentric with Br, 

2R 2R 

but with radius 2R. Fix E, : R 2 — > R to be a smooth cut-off function equal to one 
near J, supported in B2R and such that |V£| < C/R. Then 

j\(p ~ (pB + J da ^\ f dR2 - Vb+J = -| d t {E\(p - (pB+J) 

<§ r i<p-^i+i r ivcpi 

< c||v<p|| L2(R 2 +) = qipiiwwtRj), 

where the last inequality follows from Holder's and Poincare's inequalities. ■ 



Kenig and Ni |20| provide the following definition and existence of a funda- 
mental solution. 

Definition 2.5. AfunctionTx- R 2 — > R is called a fundamental solution for L = divAV- 
with pole at X if 

(i) T x 6 W^f(R 2 \ {X}) n Wj^f (R 2 )/or «« p < 2, and, for every <p 6 q°(R 2 ), 

f A t (Y)Vr x (Y) • V<p(Y) dY = -(p(X). 
Jr 2 

(ii) |T X (Y)| = 0(log |X - Y|) as I Y| -» 00. 
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Theorem 2.6. For each XeR 2 there exists a unique fundamental solution Txfor L with 
pole at X, and positive constants Ci,C2,R\ <l,Rz> 1, which depend only on A and A, 
such that 

Cilog(l/|X-Y|)<-r x (Y)<C 2 log(l/|X-Y|) for \X-Y\<R lr and 
Cilog(|X-Y|)<r x (Y)<C 2 log(|X-Y|) for \X-Y\>R 2 . 

The notation we employ to denote differentiation is standard, but let us clarify 
one point. When the fundamental solution is differentiated VTx(Y) will denote the 
gradient in the Y-variable and VxIx(Y) the gradient in the X-variable. 

Lemma 2.7. Fix X, Y e R 2 . Let Tx be the fundamental solution for an elliptic operator L 
as defined above with pole at X, and TL the fundamental solution to the adjoint operator 
V = divA'y with pole at Y. Then we have that 

T X (Y) = r f Y (X). 

Proof. We will prove the lemma for a modified coefficient matrix A where A - I 
outside the ball B#(0). It is then easy using, Definition 12.51 and Theorem 12.61 to 
show that passing to the limit R — > oo we obtain the identity for general A. 

The linear transformation Z i— > CZ (C > 0), transforms Tx and Ty into funda- 
mental solutions of operators with the same ellipticity constants A and A. Thus, 
without loss of generality, we can assume A — I outside Bj/2(0) and that X, Y 6 
f>i/2(0). Green's second identity gives us 

T* Y (X)-Tx(Y)= f T t Y (Z)v(Z)-A t (Z)VT x (Z)da(Z) 

JdB R (0) 

- f T x (Z)v(Z)-A(Z)VT' Y (Z)da(Z), 

JdB R (0) 

for any R > 1. But on the other hand, the uniqueness and the construction used in 
1 20 1 shows us that, for Z e B^Of, 

T x {Z) = g(Z) + w{Z) 

and 

(14) P Y (Z) = h(Z) + v{Z), 

where g and h are Green's functions for Bi(X) c and Bi(Y) c respectively, with poles 
at infinity, and w and v are harmonic functions satisfying |ztf(Z)| + \v(Z)\ ^ C\Z\~", 
so then \Vw(Z)\ + \Vv(Z)\ < C|Z|-( 1+ff > (see, for example, d Thm 2.10]). Given 
our assumptions on A we have the explicit expressions g(Z) = log |Z - X| and 
h(Z) = log |Z - Y|. Thus 

ivr x (z) - vi* (Z)| < \v g (z) - vh(z)\ + \vw(z)\ + \Vv(Z)\ 

< C(R~ 2 + R-< 1+ ")) 

and 



\T X (Z) - log \Z\\ + \T Y (Z) - log \Z\\ < C(R~ a + log \(R + 1)/R\) 
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on <9£>k(0). And we may conclude, by the above and our assumptions on A, that 

|i* (X) - r x (Y)| < f |(r^(Z) - (log |Z|))v(Z) • A(Z)vr x (Z)| «fo(z) 

JdB R (0) 

+ f |(iog |Z|MZ) ■ (A f (Z)vr x (Z) - AVi* y (z))| <fo(Z) 

J^B K (0) 

+ f |((lo g |Z|)-r x (Z))v(Z)-A(Z)Vr^(Z)da(Z) 

J<9B K (0) 

^ C(R"' V + log |(R + 1)/R| + (log£)(R-" + R' 1 )) 
which tends to zero as R — > oo. ■ 

The following theorem was proved by Kenig, Koch, Pipher and Toro 1 19 1. They 
prove that if the L 2 -norms of the square function and non-tangential maximal 
function of all solutions vanishing at a fixed point can be compared in all bounded 
Lipschitz domains Qo contained in Q with constants depending only on the Lips- 
chitz character of the domain, then (D) p holds for some p. The estimate 

(15) l|S(M)|b (3 Q 0) - \\N(u)\\ MdQo) 

for each p > 1 and solutions u which vanish at a fixed point in Qo is demonstrated 
therein. Dahlberg 1 5 1 showed this estimate for p - 2 implies that solutions are e- 
approximable and in 1 19 1 the authors go on to show this e-approximability implies 
that (D) p holds for some p > 1. We refer the reader to 1 19 1 for the details and precise 
definitions, Remark (2.11) providing a brief overview. 

Theorem 2.8. Let L = divAV be an elliptic operator in a domain Q = {(x, t) e R 2 (p(x) < 
t], where A = A(x) is independent of the t-variable and <p: R — > R is a Lipschitz function. 
Then there exists a (possibly large) p such that (D) p holds in Q, with bound depending 
only on A, A, p and the Lipschitz constant of (p. 

Given any solution u to an elliptic equation Lu = div AVw = 0, the vector AVm 
is divergence free and so can be written as the curl of a vector. This amounts to 
finding a u solving 

(16) I _° : I ) V« = AVm. 

The function u (defined up to a constant by <16» is called the conjugate of u and 
(u, u) is a conjugate pair. Observe firstly that u satisfies an elliptic equation with 
coefficient matrix A = A f / det A, and secondly that the conormal derivative of u is 
the tangential derivative of u and vice versa. 

In Sections |3] and 01 we will work under the a priori assumptions that A = I 
for large x, A and <p are smooth functions, ||(/>'|Il~(R) < k, <p' = ao for large x and 
x i— > cp(x) — ocqx e C"(R). Once our theorems have been proved under our a priori 
assumptions, it is a simple matter to obtain the general case. Note that, under our 
a priori assumptions, if u solves with data fo e C^idO,), then u 6 C°°(Q), and 
u(X) = OdXI 6 " 1 ) and Vtt(X) = 0(|X| fl " 2 ) for all 5 > as |X| -> oo. Moreover, if 

(17) m(X) = - f v(Z)-A{Z)Vu(Z)dl(Z), 

Jy(X) 
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where y(X) is the line segment y(X) = {(y,s)\s > t, y = x, X = (x, t)}, v is the unit 
normal to y(X) and ii/ is arc length, then {u,u) is a conjugate pair and u(X) = 
OdXI 6 " 1 ) for all 5 > as |X| — » oo. (See l47l and the lines following it for a similar 
argument.) 

Theorem 2.9. Lei u, Q anrf A be as in the previous paragraph. If p' > 1 is such that 
(D)p/ holds then there exists a constant C(p), depending only on A, A, k, p and the (D)^, 
constant of 'A 1 ', such that 

(18) HV«|b (5Q) < C(p)\\d z f \\v im) . 

Also, ifu solves @ with coefficient matrix A replaced by A = A 1 / det(A) and u verifies the 
a priori assumptions u(X) = 0(|X| 6_1 ) and Vw(X) = 0(\X\ 5 ~ 2 )for all 5 > as |X| -> oo, 
then there exists a constant C(p), depending on the same quantities, such that 

(19) UVubpQ) ^ C(p)\\g \\ mda) . 

As usual ~ + i = 1. 

p P 

We cannot expect these estimates to hold for all p > 1 as the Appendix shows. 
The a priori assumptions for solutions to will hold if, for instance, go e (<9Q) D 
H : (<?Q). Such are dense in LT(dQ), 1 < p < oo. 

Proof of Theorem]^)\ We start out by showing that if m(X) = 0(|X| 5_1 ) for all 
5 > as |X| — > oo, then, for 1 < p < oo, 

(20) l|S(«)|boo) - IIN(u)|b(ao). 

In fact, let Q R = Q n B R (0, 0(0)) so we have that A R = (0, R/2) e Q R/ dist(A R , <9Q R ) 
- dist(A R , <9Q) R. By we have 

\\S(u)\\ LHdcw « ||N(m - «(Au))lb0QH)/ 

but since w(X) = OdXI 6 " 1 ), |Vu| = 0(|X| 6 - 2 ) for all 5 > we may choose 5 so that 
1 + (6 - l)p > so |M(A r )|P|<9Q R | + ||S(u)|| lp(5QkWQ) + \\N(u)\\ mdC i R \ da) — > as R — > oo 
and J20t follows. Now let /o, u and u be as above but with A replaced by A*. Define 
the operator H^i by H^i(/o) = u\sq. This a bounded operator on L p '(<9Q), with norm 
depending on A, p, the constants in i20\ and the (D)^ constant. Indeed, 

\\H A t(fo)\W m = m\i/ m < IIN(m)|| w 
- l|S(u)lb(«) - HS(M)lb' (3Q) - HN(u)lb (ap) < C(p)||/ ||^ ( , n) , 

Now let us prove the identity 

f («9 T (H A g))/i-g(<9 T (H At fc))rfa = 
J<?n 

for any g,h e C^°(<9Q). This is easily done as follows: Let w and i> be the extentions 
of h and g respectively satisfying div(A f Vit>) = div(AVp) = in Q so that |w>(X)| + 
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|X||Vw(X)| + \v(X)\ + |X||Vo(X)| = OflXI 6 " 1 ) for large |X|. Then 

{d T (H A g))h-g(d T (H A ,h))do 



f 

Jdi 

- f 

Jdi 



(v ■ AVv)h - g(v ■ A'Vw) do 



= \ &\\{A{wVv))-di\{A\vVw))dxdy 
Jo 

= I Vw-AVv-Vv-A t Vwdxdy = 0. 
Jo 

The integrating by parts above in unbounded domains can be justified by the decay 
properties of v and w, passing to the limit through bounded domains. 
Combining these two facts we may now prove that 

(21) ||v • AVu\\ um < C{ V )\\d % f Q \\jj {dQ) , 

for u which solve QJ with boundary data /q. We can do this using duality: 



( (v-AVu)hda 



f (d r (H A f Q ))hdo 

JdQ 

- f (d T f )(H A :h)do 
JdQ 



\da) 

so JTH follows. It is a simple exercise to show that \v ■ Vm| ^ C(\v ■ AVu\ + \d T u\) from 
which it is easy to deduce 1181 . We also have the reverse of 1211 : 

Hd T u|b>(dQ) < C(p)||v-AVM|b( 3Q) 

for w which satisfy with boundary data go and A replaced by A. This follows 
from OIL since the conormal derivative becomes the tangential derivative of the 
conjugate and the tangential derivative becomes the conormal derivative of the 
conjugate. As before we then deduce <I19I >. ■ 

The following lemma 1 19 [ regarding a certain change of variables will be crucial 
in obtaining the boundedness of the layer potentials. 

Lemma 2.10. Suppose Q = \{x,t) e R 2 |c/)(x) < t] is the domain above the graph of a 
Lipschitz function cp. Let A = A(x) be any matrix satisfying the ellipticity condition (0 
and with coefficients independent of the vertical direction. Also suppose that divAVu = 
in O. Then there exists a change of variables O: Q' — > Q such that 

(i) Ifv = u o O then div BVv = in Q', where B is upper triangluar and independent 
of the t-variable of the form 



(22) 



B 



1 c 
d 



(ii) The domain Q' is the domain above the graph of a Lipschitz function. 

Proof. The transformation O defined by 0(y, s) = (f(y), s + g(y)) does the job 
with f~ l chosen to be the primitive of 1/fln and g chosen to be the primitive of 
021 ° // where A = (fliy)fy. We refer the reader to Lemma 3.47 in 1 19 1 for a detailed 
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proof. ■ 

Remark 2.11. The same result holds with B replaced by the lower triangular matrix B { . 
The proof only needs to be modified by choosing g to instead be the primitive of an ° f ■ 

Escauriaza observed (see |19 p250]) that the operator divB f V, where B is as in 
J22L can be written in non-divergence form. Indeed, since the coefficients only 
depend on the x-direction, 

div B f Vw = d xx u(x, t) + d t (c(x)d x u(x, t)) + d t (d(x)d t u(x, t)) 

= d xx u(x, t) + c(x)d xt u(x, t) + d(x)dttu(x, t). 

We remark that then (ut, u x ) is a conjugate pair, since «f is a solution and we have 

d t {u x ) = d x (u t ) 
-d x (u x ) = cd x (u t ) + dd t (u t ), 

so in this case Ut = u x . Solutions to non-divergence form equations in R 2 also enjoy 
additional regularity. This is stated explicitly as the lemma below, which is an 
immediate consequence of Theorem 11.3 in 1 13 1, Remark (3) which follows it, and 
the discussion in Section 11.2. (This can also be seen directly when the coefficients 
are t-independent, since both u t and u x solve divergence form equations. Clearly 
w t satisfies the same equation as u and u x solves an equation of the same type since 
u t = u x .) 

Lemma 2.12. Let u e H l ' 2 {B r ) satisfy div B f Vw = with coefficient matrix B', with B as 
in Then there exists constants C > and a e (0, 1], depending only on A and A, 
such that 

|Vm(X) - Vu(Y)| < ^||<? t M||L~( Br) |X - Y\ a 

forallX,YeB 2 r/3- 

3. Reduction to the boundedness of layer potentials 

The aim of this section is to reduce the proof of Theorem 11.41 to proving the 
boundedness on L p (<9Q) (1 < p < oo) of the double layer potential 

<K(f)(X) = Urn f v(Y) • A f (Y)Vr ( ,, 0( , )+;!) (Y)/(Y) do(Y) 

JdQ 

and the related potential 

£{f){X) = Hm f t(Y) • W {xMx)+h) (Y)f(Y) da(Y), 

ft N° JdO 

where X = (x, <p(x)) e dQ. This will be done in three steps under the assumption 
that the coefficient matrix A is of the form 1221 . Firstly we will show that the non- 
tangential maximal function of the gradient of a solution can be controlled in V- 
norm by the LP -norms of the layer potentials of u t and its conjugate u t . Secondly, we 
will show that ||Mt||z>(<9Q) ^ C{p)W u \\u(da.)- Finally, it is straightforward to combine 
these results with Theorem l2.9l and Lemma [2.10l to achieve the our aim. 

Lemma 12.101 shows us that for the proof of Theorem II .41 we may assume A is 
of the form \22\ without loss of generality, so let us fix, once and for all, Tx to be 
the fundamental solution of the operator L = divAV- with pole at X, where A is 
of this form. With this choice Tx is a solution to a non-divergence form elliptic 
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equation VTx = away from X. Throughout the next two sections we will make 
the following a priori assumptions: A = I for large x, A and <p are smooth functions, 
<p' = «o for x large, and x h» cp(x) - aox e C^°. Once the theorems here have been 
proved under our a priori assumptions it is a simple matter to obtain the general 
case. 

Theorem 3.1. Let Q = {(x, f) e R 2 | cp(x) < t}for some Lipschitz function (p, \\<P'\\l°°{r) ^ 
k. Let L = divAV be an elliptic operator satisfying @ with coefficient matrix A = A(x) 
of measurable functions bounded by A independent of the t-variable and of the form iZ2l . 
Then for each p > 1 there exists a constant C(p), depending only on A, A, k and p, such that 
any function u : Q -> R such that Lu = 0, and u(X) = OflXI 6 " 1 ) and |Vu(X)| = 0(|X| 6 " 2 ) 
for all 5 > as |X| — > oo, we tope 

l|N(V M )|| w < C(p)(||VK||x,0a) + WK{u t )\h(da) + IIX(^)lb(^)). 

Proof. Firstly, exactly as in the proof of Lemma 8.10 in |21|, we will estimate 
N(Vw) pointwise by the maximal function of N(ut) and d T u, so to prove the lemma 
we will then need to control N(u t ) in L p -norm. This can be done by using an idea 
of Verchota and Vogel |25| to write u t as the sum of two potentials. 

Fix Q e dQ and an X e T(Q). For Z = (z,r) e B 3 _ 5(X) (X), let Z* = (z,(p(z)) be 
the vertical projection onto the boundary of Q. Choose m so that (B^^X))* c 
A m s(X)(Q) — A. For any eg e R Lemmata l2.1l and l2.2l eive 



f |VM ' 2 ) |M ~° ;| 

Jb(X,S(X)/2) / l/V JB(X,3<5(X)/4) 



Choosing Cb = u we have 

|u(Z) - -f h| < \u(Z) - u(Z')\ + \u(?) - f «|. 
Ja Ja 

Now, 

f |u(Z*) - f w| < C f |u(Z*) - f u| da < C5(X) f \d T u\ 

Jb(x,35(x)/4) Ja Ja Ja Ja 

by Poincare's inequality on dQ, where d T is the tangential derivative along dQ, 
and also \u(Z) — u(Z*)\ ^ C5(X)N(u t )(Z*). Therefore, combining these estimates, we 
have 

N(Vu)(Q) < C(M(d r u)(Q) +M(N(u t ))(Q)), 
where M is the Hardy-Littlewood maximal operator, and so, for each p > 1, 

(23) \\N(Vu)\\ mdQ} ^ C(p)(\\Vu\\u m + \\N(u t )\\ mdQ) ). 

Now to estimate the last term above, we wish to find a representation for Ut- 
Recall Green's second identity: Let us write L = div AV and V = div A f V, then we 
have 

I {Lu)v - uiVv) = I (v • AVu)v - (v • A*Vv)u do 
Jo JdCl 
so, for u such that Lu = and replacing v with the fundamental solution Tx for L, 
so that L f rx = Sx, the Dirac mass at X, we obtain 



u(X) 



= \ (v-A f vr x )M-(v-AVM)r x Aj. 

Jda 
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Since the elements of A only depend on the x-variable lit is also a solution and so 
we have 

u,(X) = \ (v • A 1 Vr x )wf - (v • AVM,)r x da. 
Recall that v ■ AVwj = z ■ Vut where lit is the conjugate of Ut. Therefore, 

Mf (X)= f (vA f vr x ) Uf -(,9 T (5;))r x da 

(24) 

= I (v • A f vr x )« f + t • vr x («,) da. 
Jda 

To complete the proof we will estimate N(u t ) by estimating each term on the 
right-hand side of J24I . This can be done using the singular integral representation 
we obtain for 7C and £, in Section |1| and so we leave the end of the proof to be 
completed in Remark l4.4l It is in this step where we will use the hypothesis that A 
is of the form (33). ■ 



Lemma 3.2. Let u, Q and A be as in Theorem 13.11 There exists a constant C(p) > 
depending only on A, A, k and p such that 

\\u t \\v(dQ) < C(p)\\Vu\\ mdQ) . 

Proof. This would be immediate if it were that A - B t where B is as in (33) since, 
for a solution v to div B f Vc = 0, (v t , v x ) is a conjugate pair (see Section[3). For our 
case we can use the change of variables <J> from Lemma f2. 101 (and Remark l2.11> , so 
v = u o $ and B' = (detO')( ( l ) '~ 1 ) t ^ < l ) '~ 1 - A simple calculation reveals that taking 
derivatives in the t- variable commutes with the transformation <S _1 . Also the 
explicit form of the transformation shows us that ^derivatives of u are comparable 
to ^derivatives of v and ||Vu||i/(5q) - ||Vi>||yyQ^. Finally we claim conjugation also 
commutes with the transformation <E> . Proving this means showing 

(25) voO- 1 = (vo (5 _1 )~. 

With Co :=uoQ, we have that 

Vc = <D'(VuoO) and W = *'(Vu o <X>), 

so using fl6l . we obtain 

( _°i J )(0')- 1 Vco=A(<DT 1 Vc. 

Multiplying on the left by (0 /_1 ) f we see that 

(detO')" 1 1 °j J ) V^o = (O '- 1 ) t A(d)')- 1 Vi;. 

Thus (c, c ) solves <16t with A replaced with B f , that is Co = V. The last equality can 
be rewritten uoO = (ao <E>)~ from which (25) follows. 
These observations allow us to conclude that 

ll«tlb(5Q) = \\(d t (v o _1 ))~|byQ) = \\d t (o o _1 )||y(a Q ) 

^ C{j>)\\d&\\u{da>) = Cty)\Wt\\u(da) < C(p)||Vc|| L , (5Q0 ^ ||Vm|| lp(5q) , 

and so the lemma is proved. ■ 
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Once we know and £, are bounded for all A of the form <22t . we have from 
Theore ms O and O that \\N(Vu)\\ LP(da) < C(p)\\Vu\\ LP{3n) (1 < p < oo). Using 
Lemma fe.lOl we extend this to arbitrary A. One then applies Theorems I2.8l and l2.9l 
to conclude the proof of Theorem ll.4l It remains to demonstrate the boundedness 
of 7C and X on U . This task will occupy us for the next two sections. 

4. Boundedness of the layer potentials on boundaries with small Lipschitz 

constants 

In this section we will show that 9C and X are bounded on U{dQ) (1 < p < oo) in 
the special case that Tx is the fundamental solution of the operator L = div(AV •) 
with pole at X, where A is of the form \22\ and that our domain O has a boundary 
which is close to linear in the sense that, for «o e \\<p' ~ «oIIl°°(R) < £q, where 

£o > depends only on the ellipticity constants and k > 0. Lemma f2.10l shows that 
the first assumption can be made without loss of generality. However, if we are to 
succeed in proving Theorem II. 41 the second assumption must be dropped. This 
will be done in Section[5] Denote by A k (eo) the set of all Lipschitz functions <p such 
that \\cp' - aolli<°(R) < £'0/ with a £ [~k,k]. We will always require that < £o < k so 
the Lipschitz constant of <p e A k (so) is no more than 2k. We remind the reader of 
the a priori smoothness assumptions made at the beginning of Section[3] 

Lemma 4.1. There exists constants C3 > and < a < 1, depending only on A and A, 
such that 

(26) |Vr x (Y)| < 

for all X, Y e R 2 , X + Y, 

C 3 \X - XT 



(27) l^-^'WKdX-YKIX'-YI)- 
when \X - X'\ < \ maxj|X - Y\, \X' - Y\}, and 

Cn\Y — Y'\ a 

(28) |Vr x (Y) - Vr x (Y')l < ! r— 

v > 1 a\ / (|X-Y| + |X- Y'\) 1+a 

when \Y - Y'| < \ max{|X - Y|, |X - Y'|}. 

Proof. Fix X, Y e R 2 , X±Y and set r = |X - Y|. Cacciopoli's inequality (Lemma 
12.11 gives us that 

(29) f |Vr x (Z)| 2 dZ< % f |T x (Z)| 2 dZ 

Jb, /4 (y) r Jb, /2 (y) 

Now we apply a linear change of variables O which sends = (0, 0) to X and 
(0,-1*1/4) to Y: 

% f \T X (Z)\ 2 dZ=% f \T m o 0(Z)| 2 dZ 

r Jb,(t, r J B ((0,-^/4)) 

(30) S n 81 c 



|log(|Z|)| 2 dZ^, 



i K ((0,-Ri/4)) 

where the second to last inequality follows from Theorem 12.61 since Tg^o) o $ is 
the fundamental solution to an elliptic operator with the same constants A and 



16 C.E. KENIG AND D.J. RULE 

A and pole at the origin. Now <9 s rx(y, s) satisfies L(d s Tx) = away from X since 
the coefficients do not depend on the second variable, thus, using the above and 
Lemma l2~2l we have 

(3i) sup |«9 s r x | < f f |vr x (Z)| 2 rfzV ^ - 

B,/800 \JB r/i (Y) I r 

This last bound shows we may now apply Lemma 12.121 with B, replaced with 
B, /8 (Y) to obtain 

\d y T x (Y)\ < \d y T x (Z)\ + \d y Tx(X)-d v Tx(Z)\ 

< ,,,r x( z>| + £(E_af 

< \d y T x (Z)\ + C/r 

for Z 6 B r /s(Y). Averaging this inequality over Z e B,/g(Y) and using i2"9l and {15*51 
with r replaced with r/2 yields 

\d y T x (Y)\ < 

Combining this with d31i yields J26t . The same application of Lemma 12 . 1 21 no w 
easily yields {2""">: with r = max(|Y - X\, \Y' - X|) = |Y - X|, say we have for 
|Y-Y'|< r/2 that 

|VTx(Y) - VT X (Y')| < ^l|Vrx|| L »( B3r/4 (y))|Y - Y'| [t 

Inequality Il27> follows from the fact (Lemma l2.7> that X h-> Tx( Y) is a solution to an 
elliptic equation in divergence form, so we may use the standard Holder continuity 
result of Lemma f2.4l now with r = max(|X — Y|, |X' - Y|) = |X — Y|, say, we have for 
|X-X'| < r/2 that 

|vr x (Y) - vr x ,(Y)| < £||vrxii L 2 (B3rM(Y)) |x - x'f 

which completes the proof of the lemma. ■ 

Let (p e Ai(£ ) be a Lipschitz function with \\(p' - «oIIl~(R) = £ < £o, Q = Q + = 
{(%, t)\t> (p(x)} and Q" = \{x, t)\t < (p(x)}, and write <9Q;, = <9Q + (0, h) and 

^(x:y)) = v W,)(y^(y)) 

for lieR. Define the function X;, : R 2 -> M by 



(32) X, 



We will write Xq = X. We have the following easy corollary to Lemma f4.ll 
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Corollary 4.2. For each <j> e A*(eo), the function K: R 2 — > M is a Calderon-Zygmund 
kernel. That is to say, there exists constants C4 = C^{k) > and a e (0, 1], depending 
only on A, A and the Lipschitz constant k, such that {SJ, © and fWb hold with C = C4. 

For Banach spaces X and J/ of real matrix-valued functions on R, define T : X — > 
J/' by 

(33) <G,T(F)> = lim f G{x) t K h {x,y)F{y)dydx, 

where F £ X and G 6 J/ and (•, •) is the dual pairing in J/. The transpose operator 
T* is defined as (F, F f (G)) = (G, F(F)) f . Our aim will be to show that T extends to 
a bounded operator on L 2 (R 2 , M), but first we must choose appropriate Banach 
spaces, X and J/, and show this definition makes sense. This is the content of the 
following lemma, and for that we will need the following notation. We denote 
by S — S(K, M) the space of Schwarz functions on R with values in M and for 
a function Bo: R — > M, BoS is the set of all functions obtained by multiplying 
functions in S on the left by Bo. Let 5 be the distance function 5(X) = dist(X, dCT). 
The spaces C^R, R) and C^ = C X) (R, M) are the spaces of compactly supported 
smooth functions from R to R or M respectively. Set Bi : R — > M equal to the 
matrix with first column being (1 + ((p') 2 )iAv and second column (1 + (<p') 2 )iT. 
Set B2: R — » At equal to the diagonal matrix with both diagonal entries being 
(1 + (cp') 2 )iv ■ A'k^, where k 1 - = (-ao,l), and B3: R — > At equal to the diagonal 
matrix with both diagonal entries being (1 + ((p') 2 )^ T • k, where k = (1, «o)- 

Note that by the ellipticity condition for sufficiently small £0 (depending 
only on the ellipticity constants and k), B\, B2 and B3 are invertible with inverses 
bounded in L°°(R, Al)-norm in terms of the ellipticity constants and k. 

Lemma 4.3. For each cp e At(e ), the operator T is a continuous linear operator from 
B\S to (BoS)' ,for any bounded Bo- 
Proof. We fix f,g 6 S(R, R), h e C Q X '(R, R) with h positive and equal to one near 
zero and define u, v : Q — > R by 

u(X) = f(x)h(t - (p(x)) and v(X) = g(x)h(t - cp(x)). 
Green's first identity gives us that 

u(X) = - \ Vtt(Y) • A f (Y)Vr x (Y) dY+ [ u(Y)v(Y) ■ A t (Y)Vr x (Y) do(Y). 

By multiplying by a bounded function b and the function v, and integrating, we 
obtain 

I u{X)b(X)v(X) dX = 

JdQi, 

(34) f I - f VM(^)-^ t (^)Vr x (Y)rfY|?7(X)i;(X)da(X) 

+ f f u(Y)v(Y) ■ A f (Y)Vr x (Y)k(X)i?(X) da(Y) do(X). 
JdQ h Jda 



IS 
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The left-hand side can easily be controlled by the bound on b and the product of 
semi-norms where 



(35) 



[ft = sup(l + |X|) N |^/(X)| 



for N e Z and |3 e N. We can control the first term on the right-hand side similarly 
Indeed, observe that 

-3 



f 

Ja 



Vu(Y)-A t (Y)VT x (Y)dY 



+[/]») 



and then proceed as before. And so, we conclude the remaining term on the right- 
hand side is also controlled by a finite sum of products H^Hl^r)!/]^,?]^/ that is 



(36) 



f \ u(Y)v(Y)-A t (Y)VT x (Y)b(X)v(X)da(Y)da(X) 

J3Q h JdQ 



C||fo||L»(R) 

N,M,p,y 



We may also compute, setting R3 = +k 2 )i (where R\ is the constant appearing 
in Theorem 12. 6> , 

f (T(Y)-VT x (Y))u(Y)do(Y) 
Jda 

\ {diT(x4ix)){y, <P(y)) + (p'iy^iT^^iy, (p(y))}u(Y) dy 
Jr 

\ j-{r WW) (i/, cp(y))}u(y r <p(y)) dy 
Jr a y 

\ -7-{T( x/ j>(x))(y, (p{y))}u((y, (p{y)) dy 

Jr\(x-R 3 ,x+R 3 ) a V 

+ f r ww) (y,^(i/))-7-M(y,^(y))di/ 

J(x-r 3 ,x+r 3 ) a y 
+ Yj i r w>M)(y^(y))%'<My))i 



Y€{x-R 3 ,x+R 3 ) 

no xrfiU m(>\ 



<C([ff 2 + [fY Q + [/©, 
so allowing us to conclude 



(37) 



I I" 



However, 



K h (x,-)B, 



(Y)t(Y) • VT x (Y)b(X)v(X) do(Y) da{X) 
< Q\b\U £ Uf N [gY M - 



= / (1 + 00 *V • A f vT(^ W+ ;,) (1 + <p')^T ■ VT( x ,4,(x)+h) 

(1 + cj)')iv ■ A'VT^m+i,) (1 + (p')^T • vT(^ w+ ft) / ' 
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so by writing in J33i 

G(x)'K h (x,y)F(y) = G ca (x) t B (x) t K,,(x,y)B 1 (y)F ca (y) 

with Foo e S and Geo e S, we see that each matrix element in J33t is a sum of terms 
of the form of either I36t or \37\ . thus provided the limit exists, is controlled 

by a finite sum of [Fcf N [Goo] r M , with the semi-norms defined analogously to <35t . 
We can easily show the limit in ( 1331 exists almost everywhere under our a priori 
assumptions: By the above it suffices to show both 

(38) f v(Y)-A'(Y)VT x (Y)u(Y)da(Y) 
Jdn 

and 

(39) f z(Y)-VT x (Y)u(Y)da(Y) 

Jdn 

converge uniformly in x as h \ 0, where X = (x, (p(x) + h). To show i3"5l converges 
we write 



f v(Y)-A f (Y)VT x (Y)u(Y)da(Y) 
Jdn 

= [ v(Y)-A t (Y)VT x (Y)u(Y)do(Y) 

JdnnB^x) 

+ \ v(Y)-A t {Y)VT x (Y)u{Y)da(Y). 



The second integral on the right-hand side clearly converges uniformly in x. To 
show that the first also does, we can use the divergence theorem to see it is equal 
to 

f v(Y) • A t (Y)VT x (Y)(M(Y) - u(X)) do(Y) 

J<9QnBi(X) 

+ u{X) \ v{Y)-A\Y)VT x {Y)do(Y) 

JdnnBi(x) 

= [ v(Y)-A t (Y)W x (Y)(u(Y)-u(X))da(Y) 

JdLlnB^X) 

-u(X) [ v(Y)-A t (Y)W x (Y)da(Y), 

and both integrals on the right-hand side converge uniformly in x under our a 
priori smoothness assumptions. We can see | |39> converges similarly: again we 
write 

f T(Y)-VT x (Y)u(Y)do(Y)= [ T(Y)-VT x (Y)u(Y)do(Y) 

JdQ JdQnBi(X) 



f 

Jdn\Bi 



T(Y)-W x (Y)u(Y)do(Y). 

(X) 
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As before the second integral on the right-hand side converges uniformly in x. The 
Fundamental Theorem of Calculus shows that the first is equal to 

f t(Y) • Vr x (Y)( M (Y) - «(X)) da{Y) 
+ u(X) f T(Y)-Vr x (Y)da(Y) 

J,9QnBi(X) 

= f z(Y)-VT x (Y)(u(Y)-u(X))da(Y) 

JdnnBi(x) 

-u(X) f T(Y)-VT x (Y)da(Y), 

and once again both integrals on the right-hand side converge uniformly in x. ■ 

Since we clearly have the representation I11L what we have shown so far is that 
T is a singular integral operator associated to the Calderon-Zygmund kernel K. 

Remark 4.4. This singular integral representation can be used to complete the proof of 
Lemma \3J\ since "K and £ can be easily written in terms ofT and so using d24t can control 
N(u t ). We define 



T(F)(Z) 



f K r (z, 

JR 



y)Hy)dy, 



for (z, r) = Z 6 Q, and 



T^(F)(X) = [ K(x, 



y)F(y)dy, 



for X e 9Q. Fixing (z, r) = Z e T(X) we claim that |T®(F)(X) - T(Z)\ < CM(F)(X)for 
5 = 6(Z). We have 

|T (a) (F)(X) - T(Z)\ 



HI 
HI 



K(x,y)F(y)dy- K r (z,y)F(y)dy 



{K{x,y)-K r {z,y))F{y)dy- \ K r (z,y)F(y)dy 

5{Z) J|x-y|<6(Z) 



f (JC(x,y)-K r (z,y))F(y)dy 

J|.v-i/|>5(Z) 



;/|<6(Z) 



K r (z, y)F(y) dy 



1 

The first term can be estimated using flTb : 

f (K(x,y)-K r (z,y))F(y)dy <C f 

J\x-y\>b{Z) J\x-y\>5(Z) \ x ~ V\ 

<C(l+«r6(Zr f |F(j/) 1 ' +a dy < CM{F){x). 

J\x- y \»5(z) \x - y\ 1+a 

And the second term is also easily controlled using d26l : 



x-z\«\F{y)\ 

— d v 



f 

J\x-lf\<i 



K r (z, y)F(y) dy 



\x-y\<6(Z) 



c 

5(Z) 



J 

J\x-v\<< 



\F{y)\dy^CM{F){x), 



|.Y-y|<5(Z) 
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which proves the claim. The claim tells us that T^ z " (F)(X) and M(F)(X) control 7~(F)(Z), 
so N(7~) can be controlled in operator norm by the operator norm of T* + M. Standard 
Calderdn-Zygmund theory (see, for example,\lA\) tells us that we can control T* in terms 
ofT. Writing 7C and £, in terms of T and using then completes the proof of Lemma 

irn 

Our aim now is to prove the following. 

Theorem 4.5. For each k > 0, f/zere exzsfs an eo > depending only on k, A and A, such 
that, for any <p e A *■ (eo), the singular integral operator T admits a continuous extension to 
L 2 (R, M) and therefore also to W(R, AX) for alll <p < oo with norm depending only on 
p, A, A and k. Consequently the layer potentials % and defined, for X = (x, (p(x)) e dQ., 
by 

<7C(/)(X) = lim f v A f (Y)VT {xMx)+h) (Y) f(Y) do{Y) 

h \° JdQ 

and 

£(f)(X) = lim f t • vT W(x)+ft) (Y)/(Y) do(Y), 
h \° Jda 

are bounded linear operators on L p (<9D, R) (1 < p < oo) when Q = {X = (x,t)\t > <p(x)}. 

This will be proved by applying a version of the T(B)-Theorem. Let us first state 
some standard definitions and fix some more notation. 

Let Mb denote the operator which multiplies on the left by a function Bo : R — » 
AL By a normalised bump we mean a function F = (fij)ij £ S with support in a ball 
with radius 10 such that 

[F]^=sup|^ 7 W|<l 

for p = 0,1, 2. For such an F define Fr = R _1 F(7R)- An operator T is said to satisfy 
the weak boundedness property if there exists a constant C > such that 

(40) kg^tf^i^cr- 1 . 

A function /: R — => R is said to be of bounded mean oscillation, written / e BMO, 
if we have 



:= sup j\f{x) - £ 



f\dx < 



where the supremum is taken over all intervals F A function a: R — > R is said to 
be an H 1 atom if there exists an interval I C R such that (i) a is supported in I, (ii) 
ll fl llL 2 (R) ^ \I\~K and (iii) fa = 0. For a bounded function B e BjC^, F(B ) may 
be interpreted as a matrix-valued function, whose matrix elements are functions 
in BMO in the following manner. We shall call a matrix-valued function whose 
matrix elements are FT 1 atoms, or BMO functions, again an H 1 atom, or a BMO 
function, respecively. For each FT 1 atom Aq e B2C^ with support in a ball B, choose 
a smooth function r\ : R — > R with compact support which is identically one on the 
double of the ball 2B. Then we define 



(41) (A ,T(B )):=(A ,T(r 1 B )) + 



II! 



Ao(x)K(x, y) dx 



It is easy to show this definition is independent of the choice of 7] and each term on 
the right-hand side is well-defined. Since our a priori assumptions mean that B2 is 
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smooth and has a smooth inverse, the decomposition of H 1 via smooth atoms and 
duality determine F(Bo) as a BMO function. 

We remark that, by duality, T(F) can be identified as an element in L°°(R, M) if 
we can show that |(G, T(F))| < C||G|| L i( R yvi)/ an d it certainly suffices to show that 



sup sup 

xeR 0<h<l 



I 



K h (x,y)F(y)dy 



< C. 



The version of the T(B)-Theorem that we will use is the following 1 10 1. 

Theorem 4.6. Let B\ and £>2 be two bounded functions from R to M, such that their 
inverses exist and are bounded, all of these bounds being no more than some constant 
C5 > 0. Let T: B^S — > (B2S)' be a singular integral operator such that M B t TMb 1 is 
weakly bounded, with the constants C appearing in JSJ, ||5J, l Uot and d40t being no more 
than C(, > 0, and T(£>i) and T t {B2) are in BMO with norms no more than C7 > 0. Then T 
admits a continuous extension onto L 2 (R, M) with norm ||F|| L 2^ L 2 < C(Cs + C(, + C7). 

With this result at hand, it is easy to see that Theorem l4.5l will be a consequence 
of the following lemmata. 

Lemma 4.7. For each cf> e A? (eo), the operator M B t TMb 1 satisfies the weak boundedness 
property for any bounded Bq, the constant C in depending only on A, A, k and the 
bound on Bo. Also T(£>i) e L°°(R, M), with L°°-norm bounded in terms of A, A and k. 

Proof. We will first prove the weak boundedness of Mg< TMb 1 ■ For any i, j = 1,2 
we choose 

u(X) = R-'fijiX/RMit - Cb(x))/R), 
v(X) = R- 1 g ij (x/R)h((t-(P(x))/R) 



(42) 
and b(X) 



b' '(<p(x))h(t) in 01, where F = (fifrj and G = (g^y are normalised 



bumps, Bo = (bg)ij is a bounded function, and h is a real-valued normalised bump 
centred at the origin and identically equal to one near the origin. We have 



/ 



Vm(Y) ■ A f (Y)VT x (Y) dY 



< IIVu|| L „ (R2) nvr 



so 



Also 



f If Vu(Y)-A t (Y)yT x (Y)dY\b(X)v(X)da(X) 
Jda h \Ja 



< CR 



< CR~ 



-2+1 



f 

J da,, 



u(X)b(X)v(X) dX 
so (34l allows us to conclude 
(43) 



< H&llt-(R?)llw|lL2C3Q)INb(5C») < CR" 



c 

R' 



f f M(Y)v(Y)-A t (Y)VT x (Y)&(X)i;(X)dCT(Y)da(X) 

Now, if the supports of u and v are separated by a distance R, then we have 

f f (T(Y)-W x (Y))u(Y)b(X)v(X)do(Y)do(X) 
Jda h J aa 

= CR _1 f f \u(Y)b(X)v(X)\da(Y)da(X)<CR-\ 
J da,, J da 



(44) 
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Otherwise, integration by parts shows us that 

f f (T(Y)-W x (Y))u(Y)b(X)v(X)da(Y)do(X) 
J da,, Jdn 

= - [ [ T x (Y)(T(Y)-Vu(Y))b(X)v(X)do(Y)do(X). 
Jdn,, Jdn 

But since u(Y)v(Y) = for \X-Y\> 20R, \\Vu\\ L «, (d a) < CR~ 2 and IMb^cy < C, we 
can rescale to obtain 

f f (z(Y)-W x (Y))u(Y)b(X)v(X)da(Y)da(X) 

Jdn,, Jdn 



(45) <OT 2 sup f |r x (Y)|da(Y) 

X J<9£2nB 20K (X) 

<CR _1 | log < CRT 1 . 

J-R, 



The same argument as in the end of the proof of Lemma 14.31 shows us that the 
left-hand sides of <43> . J44I and (1451 are all we need to control in order to prove the 
weak boundedness of M B t TMb 1 . 

To show that T(£>i) e L°°(R, M) we will apply Green's second identity 

<p(X)- f T x (Y)L(p(Y)dY= [ v(Y)-A t (Y)yT x (Y)cp(Y)da(Y) 
Jn R Jdn R 

- f T x (Y)v(Y) ■ A(Y)Vcp(Y)da(Y), 

J3Qr 

to the domain Qr = Q Pi Br(X) and the function tp = 1. This leads to the equality 
1= f v(Y)-A t (Y)VT x (Y)do(Y) 

JdO R 

= f v(Y)-A f (Y)Vr x (Y)dcr(Y) 

JdQnB K (X) 

+ f v(Y)-A f (Y)Vr x (Y)da(Y), 

Jon<?B K (X) 

but, using the estimate J26t . we have 

f v(Y)-A f (Y)VTx(Y)d(j(Y) 

jQn<9B R (X) 

so, letting R — > oo in the above, we obtain 

If v(Y)-A t (Y)VT x (Y)do(Y) 
\Jdn 
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We also have that, with := Q~ n B R (X), 

= f T(Y)-VT x (Y)do(Y) 
Jda R 

= [ T(Y)-VT x (Y)da(Y) 

JdnnB R (X) 

+ f T(Y)-Vr x (Y)da(Y), 

Jn-ndB R (X) 

and in exactly the same fashion as before we can see that 



f T(Y)-VT x (Y)da(Y) 

JdQ 



And so (as in the proof of Lemma [4 .31 . we have controlled all the terms necessary 
to prove the second statement of the lemma. ■ 

In order to apply Theorem 14.61 we need to show that T^Bz) e BMO. At this 
point the smallness of the Lipschitz constant will come in (specifically, in Lemma 
I4.11l and in the bound C5). It will be necessary to first introduce a second singular 
integral operator T defined as 

(46) <G,T(F)> = Jim \ G{x) t K h {x,y)F{y)dydx, 

''V>J R 2 

with K], defined as follows. For the fundamental solution TL of V = divA'V and 
fixed X let us define the conjugate T x of P x to be 

(47) P X (Y)= f v{Z)-A{Z)W x {Z)dl{Z) 

on the complement of the set { Y = (y, s) | s > t, y = x). Here y(Yo, Y) is a path from a 
fixed point Yq to Y parametrised by arc length via the function 1 1— > (h(t), h(t)) and 
remaining in the complement of {Z = (z, r) | r > t, z = x}. Also v(Z) = (l' 2 (t), —I'M)) 
is the unit normal to y(Yo, Y) at Z = (h(t), h(t)) and dl is arc length. It is easy to see 
T X (Y) solves the system 

(48) A(Y)VT X (Y) = I I )w* x (Y). 

The function Y i-> Tt(Y) is well-defined up to a constant (which depends on the 
choice of Y ). Set 

h,h(x, y) 
hh(x,y) t 



= v x r: 



x r ( ^ w ^)(y^(y)) 



and define 



K h = I ~ 2 '" 



As before we write JCq = K 
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Lemma 4.8. For each (p 6 Ai(eo), the operator T defined above is a singular integral 
operator associated to the Calderon-Zygmund kernel K. More precisely, K satisfies esti- 
mates © and JT0l with the constant C = Cg depending only on A, A and k, and 
T: B 3 S — > (BiS)' is a continuous linear operator with representation JTT1 . 

Proof. The estimates ©, © and £j]3 may be easily obtained from the estimates 
l l26l , 123 an d with V X T X replacing Vr X/ so it suffices to show the later. We 
also observe that, since cb e A^(£o), we only need to prove l26l . (23 and l28i for 
X = (x, t)e{Z= (z, r)\\r-s\< k/2\z - y\), where Y = (y, s). Since X i-» f' x (Y) is a 
solution to the non-divergence form equation Vu = and Y i— > T X (Y) is a solution 
to the divergence form equation div A Vw = when X + Y, we may repeat the proof 
of Lemma l4"Tl once we have shown (36) for V x rl. From l4"71 we have 



Now, with the a priori smoothness assumption, the integrand here has size C/|X — 
Z| 2 for Z away from X, so 



where ye(Y) is a ray from infinity to Y approaching Y at an angle 9 such that 
arctan(/c/2) - n < < — arctan(fc/2). Averaging over 9 we obtain 





as min(|Yi - X|, IY2 - X|) — > 00, which says we can write 





p- arctan k p 



v x r x (Y)=| v x (v(Z)-A(Z)vr^(Z))d/(Z)de 



= cf V x (v(Z) -A(Z) vr x (Z)) 



Jr-(Y) 




+ C> I V x (v(Z)-A(Z)Vr x (Z)) 



H=-2 "^ r i OT n ( B 2»|X-Y|W\ B 2"- 1 |X-Y| 

00) 

= Qi + Qz, 




\Z-Y\ 



dZ 



where T-(Y) = {Z e R 2 | s-r > k\z-y\}. Define also T~(Y) = {Z e R 2 | s-r > 3Jt/4|z-y|) 
and r~(Y) = jZ e R 2 | s - r > fc/2|z - y\). Observe that since X g T" (Y) and Z e r~(Y) 
we have |X - Z| ^ C(|X - Y| + |Z - Y|). Thus using Holder's inequality, Lemma l2~Tl 
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and l26l . we can estimate 



|V x Vlt(Z))|. 



dZ 



" 2 J r-(Y)n(B 2 n| X _ Y |(Y3\B 2 „- 1|x _ y| (Y)) 1^ *l 



< c 



|V x VrUZ))| 2 dZ 



n=-2 V r i ( Y ) n ( B 2"|X-v|( y )\ B 2"- 1 |X-y| (>')) 



< c 



n=-2 



|X- 


-Y| 


2" 


-n 


IX- 


-Y| 


X 


-« 


IX- 


-Y| 


2" 


-11 


IX- 





-(y)n(B 2 „ |X _ y |(Y)\B 2 „_ 1|x _ y| (r)) 



|v x r^(Z))| 2 dz 



-(Y)n(B 2 „ |x _ y |(Y)\B 2 „_ 1|x _ y| (Y)) 



|x-zp 



rfZ 



■dZ 



„ |x _ y |(Y)\B 2 „_ 1|x _ y| (Y)) (2" HX-YI) 2 ^ 

n=-2 

Also, using Holder's inequality, Lemma |2~31 and Lemma |2~T1 we have, for some 
V > 2, 

Qi < c f |v x vr^(Z))| ■ <fz 

*-/Biy_vi/ S (y) 



\Z-Y\ 



<c {[ yz^yv dz Y ( f |VxVr^(Z))RZ 



= C|X - Y\l^ 



( f |v x vr^(Z))|Pdz 

VBjx-Yi/sCY) 



( f |v x vr^(Z))| 2 dz 

VAX-moo 



c 



|X -Y| 



(Xx 



2(X) 



|v x r^(Z))| 2 dz| ^ 



c 



|X-Y| 



This proves J26> for V x r^ and the other two estimates \27\ and t28t follow as before. 

To prove the continuity of T: B 3 S — > (£>i<S)' we again fix /,g e 5(R, R), /z e 
C^(R, R) with h positive and equal to one near zero. Let 5o: O" — > R be the 
Dahlberg-Kenig-Stein adapted distance function introduced in 1 6 1. Define m,i>: Q — » 
Rby 

U (X) = f(x)h(d (x, f)) and i>(X) = g(x)/z(f - ^(x)). 

Define fi:R 2 ^Rby p(X) = (l,a ) • (x,f)- Then V X fi(X -Z) = (l,a ) = K for all 
Z e R 2 . For F: Q~ — > R we define (see |3. 24 1) the quantities 



(Q) 6 ( y )/ 



THE REGULARITY AND NEUMANN PROBLEM 



27 



where A r = B r (Q') n dQ and Q' 6 dQ, and 

1 

We have that 

(49) f |f(W)l^<cf S(F)(Q)S(G)(Q)da(Q). 

It is well-known that ||V6oIIl»(o,r) and ||2(So<? 2 <5o)IIl<»(<?o,r) are bounded in terms of 
the Lipschitz constant, where d 2 denotes any second-order partial derivative, and 

6 « fio. 

We apply Green's second identity to the function — Z)m(-) and the fundamental 
solution T x in the domain Q" . We obtain 

M (x-zmx)- f r^(y)L f ( f[ (--z) U (.))(Y)dy 

Jn- 

= f v(Y)-A(Y)Vr f x (Y)^(Y) M (Y)da(Y) 
Jda 

- \ T t x (Y)v(Y)-A t (Y)(u(Y)K + ! .i(Y-Z)Vu{Y))do(Y). 
Jdn 

Using J48i and integration by parts in the first term on the right-hand side, we see 
the above is equal to 

M (X-Z)u(X)- f r^(Y)L f ( f( (--Z) U (-))(Y))dY 

Jo- 

= - f f t x (Y)T{T}-(u(Y)K + ^Y-Z)Vu(Y))do(Y) 
Jda 

- f T t x (Y)v(Y)-A t (Y)(u(Y) K + ^Y-Z)Wu(Y))do(Y). 
Jan 

The above integration by parts is the reason for introducing T x — see also ( 1531 
and J54}. Taking the gradient in X, multiplying by vb, where b : <?Q/, — » R 2 is a 
bounded function, setting Z = X and integrating in X, we find 

f u(X)v(X)b(X)-Kdo(X) 

JdO h 

- f v(X)b(X) ■ I f V X T X (Y)LV(- - X)u(-))(Y) dv) do{X) 
Jda h \Jq- I 

(50) = - f D(X)b(X)- f V x r x (Y)x 

J<?o ( , J do 

{t(Y) • (m(Y)k + /i(Y - X)Vw(Y))} da{Y)do(X) 

- f p(X)b(X). f V x T x (Y)x 
Jao,, J^o 

(v(Y) ■ A f (Y)( M (Y)7c + /i(Y - X)Vu(Y))} <to(Y)<to(X). 
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The first term on the right-hand side can be expanded: 

f v(X)b(X)- [ W x f t x (Y)u(Y)(T(Y)- K )do(Y)da(X) 
/rl . JdQ h JdQ 

{5) r r ~ 

+ v(X)b(X)- y x T t x (Y)^Y-X)T(Y)-Vu(Y))}da(Y)da(X). 

JdQ h JdQ 

The first term in this expression is exactly what we need to control to show the 

continuity of T: B3S — > (£>i«S)' when b is chosen to be either one of the columns 
of B\ . Moreover, the second term on the right-hand side of has already been 

seen to be controllable by a finite linear combination of since the proof 

of Lemma I4.3I shows that (T_) f : BqS — > (Bi«S)' is continuous for any bounded Bq, 
where T_ is the operator defined as in <!33i . but with the limit as h / 0. To control 
the second term on the left-hand side, we have 

|L%(- - X)u(-))\ < - X)L'(«)| + C|Vtt| 



so 



1 -\v\ 

J a 



V x T t x (Y)L t (p(--X)u(-))(Y)dY 



The second term is easy to control by C([f]\ + [f]®) and so its contribution to the 
second term on the left-hand side of <!50i is also controlled. The first term here 
requires a little more work. Let us consider just the first term d\\u of V(u), as the 
same analysis can be used on the other terms. We have 

d n u{X) = /"(x)fc(6o(x / t)) + /'(x)/i / (fio(*,0)^6o(»/*) 

+ f(x)h" (6 (x, t))(di5 (x, t)) 2 + f{x)h'{5 {x,t)){d n b {x,t)), 

so the contribution to the double integral from the first three terms is easily bounded 
by C([f] 2 2 + [f]\ + [f]° 2 ). The last term is controlled using g^J: 

f \f(y)h'(5 (y,s))(d u 5 (y,s))\dY < C f X(fh' (6 ))&(6 d n & ) do < C[f]°, 
Jo- JdCt 

since ||S(6o<?iiSo)IIl"(<5",R) ^ ^ and it is clear from the support properties of h'(5) 
that ||3(//z'(<5o))|lLi(<?aR) ^ ^-[/Ir Thus, the second term on the left-hand side of 
i5Ul is also controlled. The remaining terms in and f5Tt may be controlled in 
terms of a finite linear combination of directly, as was done in the proof of 

Lemma l4.3l We remark that under our a priori smoothness assumptions the limit 
J46t can be seen to exist, again as was done in the proof of Lemma 14731 ■ 

Remark 4.9. Note that, in fact, we have estimate f2($for Vxr^(Y) when Y £ {Z | r - t > 

k/2\z — x\], that is away from a cone with axis being the ray on which T x is not defined. 
This will be used in Lemma WUft 

Lemma 4.10. For each (p e A* (eo), the operator M B f TMb 3 satisfies the weak boundedness 
property and T f (Bi) e L°°(R, M), with bounds depending only on A, A and k. 
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Proof. We can prove the weak boundedness by using J50i with u and v replaced 

by 

u(X) = R- 1 f ij (X/R)h(5 (x,t)/R) and 

v{X) = R- x gij{xlR)h{{t-<p{x))IR), 

with fij, gij and h as in J42l . and b again being either one of the columns of Bj. The 
estimate we require is that 

C 



f c(X)b(X)- f V x r^(Y) M (Y)(T(Y)-K)da(Y)da(X) 

JdQ h J3Q 



R' 



which is part of the first term on the right-hand side of 15U1 . The second term on the 
right-hand side of is controlled in the necessary manner because M B t (T_)'Mg 
satisfies the weak boundedness property for any bounded Bo (as the proof of 
Lemma 14 . 71 shows') . The second term on the left-hand side of i50\ is controlled in 
the same manner as in the proof of Lemma 14.81 and the remaining terms can be 
estimated directly, leaving us with the required estimate. 

To show that T f (Bj) e L°°(R, At) we will apply Green's second identity, 

- f ? x (Y)L(p(X)dX= f v(X)-A t (X)V x f x (Y)cp(X)da(X) 



-f 

JdQitJt 



T x (Y)v(X)-A(X)V<p(X)da(X), 



to the domain Q;, /R := {X = (x, f) | f > 0(x) + h] n Br(Y) and the functions X i-> T^(Y) 
and tp = 1. This leads to the equality 







= f v(X)-A f (X)V x r x (Y)da(X) 



r 
r 

Jq, 



<?Q,,nB K (Y) 



,,nas K (Y) 



v(X)-A f (X)V x r x (Y)da(X) 

i 

v(X)-A f (X)V x f x (Y)da(X), 



but, by Remark |4~^1 we have 



1/ 

Jo, 



v(X)-A f (X)V x r x (Y)d0(X) 



)L\ndB R {X) 

so, letting B — > oo in the above, we obtain 



f 

J<?Q 



v(X)-A'(X)V x r x (Y)da(X) 



T(X)-V x T x (Y)da(X) 



< c 



The bound 



also follows via the method used to prove Lemma l4~7l on Q/,,r. These two estimates 
bound all the components of T f (Bi). ■ 



f 

J da,, 
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Lemma 4.11. Foreachcp e A*(eQ), wehavetheinequalities\\T{B 3 )\\ BM0 < C+C\\T' (B2)\\bmo 
and ||r t (B 2 )|| B Mo < C + Ceo\\T(B 3 )\\ BMO , with the constants C depending only on A, A and 
k. 

Proof. To prove this lemma we will use the H 1 -BMO duality and the smooth 
atomic decomposition of H 1 (for a discussion of this see, for example, [14J). For 
each H 1 atom Aq e B\S, with support in a ball Br(xq) of radius R, we choose a 
tj: R — » R with support in B iR (x Q ) and identically equal to one on B 2 r(xq) such that 
\rj'\ ^ C/R and |rj"| < C/R 2 . Recall that with our a priori smoothness assumptions 
such an atom Aq is in fact an arbitrary smooth atom. To prove the first inequality 
we use definition 1411 to compute (Aq, T(B^)). The second term on the right-hand 
side of <41t is controlled by a multiple of HB3II00, and so we only need to estimate 
(Aq, T(t/B 3 )>. To that end, we define <p : R 2 -> R by 

(52) <p(X) = TjCtMSoM)), 

where we recall X = (x, f) and 60 is the adpated distance function, and repeat 
the calculation that yielded l50l with /./(■ - Z)<p(-) and a, where a(x, cp(x) + h) = 
a(x)/(l + (p'(x))5 and a is any matrix element of Aq. This gives 

\ a(X)(p(X) K do(X) 

+ f «(X) ( f V X I^( Y)L f ( M (- - X)<p(-))(Y) dy) da(X) 

(53) = f «(X) f V x f^(Y)x 

{t(Y) ■ (<p(Y)k + /i(Y - X)V(p(Y))| da(Y)d0(X) 

+ r g(x) r v x r^Y)x 

J^Qft Jda 

{v(Y) • A'(Y)(p0f>: + ji(Y - X)V<p(Y))} da(Y)da(X). 
The first term on the left-hand side of <53t is easy to control. Indeed 

J fl(X)(p(X)Kiff(X) 

< C||fl|| l2(r)II<P k IIl2(5q ( ,) < CR^/R 2 - 
To control the second term on the left-hand side of J53I we expand 

l/(,u<p) = (pVjj + \lL l q> + 2d\<pd\\l + b(di<pd 2 jj + d 2 (pdij.i) + 1cd 2 (pd 2 \.i 
The first term here is zero and the other terms except for pV(p are of size C/R. Now 
d n( p(x, t) = rj"(x)ri(5 (x, f)) + 2rf(x)Tf(So(x, t))di5 (x, t) 

+ T](x)t]"(6o(x, t))(di5 (x, t)) 2 + rj(x)ri'(6o(x, t))d n 6 (x, t), 

so each term here is of size C/R 2 except for the term where two derivatives fall 
on 6o- Since the same is true for the other second-order derivatives of cp we can 
say fiVcp is a sum of terms of size C/R plus terms involving the second-order 
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derivatives of So- We conclude that 

l/(/i<p) =-qt]'(8 ) ^ Cijdij8 + Q, 

W=l,2 

where Q is a sum of terms of size C/R and c,y (i, j = 1,2) are functions of size 
C|Y - X|. So for < h < min{l,R/2|, 



f v x r^(Y)Q(Y)dy 

Jo.-n{R«5(r)<4R} 



CR 2 _ 

< < C. 

RR 



Moreover, when < S(Y) < R on Q the supports of a and V<p are disjoint and 
separated by a distance CR, so it follows that the same is true of a and Q, thus 
|V x r^(Y)| «S C/R, so once again 



f v x r^(Y)Q(y)dY 

|Jn-n(o<6(Y)<R) 



CR 2 _ 
< RR <C 



Since the integrand in the integral over Q" in | |53> is supported on 4B, the contribu- 
tion from Q to the second term on the left-hand side of 1531 is now controlled. The 
contribution from 77 7]'(<5o) L c ij^ij^o is again controlled using <49t as in the proof of 
LemmaOl 

We will now consider the first term on the right-hand side of 1531 : 
f a(X) f V x ? x (Y)T(Y)- K( p(Y)da(Y)rfa(X) 

V x T x (Y)t(Y) • V<p(Y) fl (Y - X) da{Y)da{X). 



f 8(X) f ' 



The first term is a component of (Aq, T^B?,)) and the second is easily seen to be 
bounded by a constant using i26i . In exactly the same manner, the second term on 
the right-hand side of f551 is bounded by \(Ao, T'(?]Bo))| + C, for some bounded Bo. 
All this yields the estimate 

|<Ao, T(jiB 3 ))\ < C + C\(A , T^Bo))!, 

from which duality, standard Calderon-Zygmund theory, Theor em l4 . 6l and Lemma 
14. 71 allow us to conclude 

HT(7]B 3 )|| BMO < C + C||T f (B 2 )|| 

BMO- 

The first inequality of the lemma follows from this. 

The second inequality follows by the same analysis, replacing - Z) by £,(■ — Z) 
in the calculation that gave J53t . where £(X) = (— <xq, 1) • (x, t). The first term on the 
right-hand side of the equation which replaces J53I is 



f S(X) f 
Jda h Jdc 



(54) J '~ 



V x T t x (Y)(T(Y)- K ± )<p(Y)do(Y)do(X) 



f s(x) r 

Jdo,, Jdi: 



- x 

.i) t -J dQ. 

l 



V x r x (Y)(x(Y) • V<p(Y)K(Y - X) da(Y)da(X). 



We have that (1 + (<p') 2 )^T ■ K x = (p' — Oq which is bounded in absolute value by 
£'0/ so the first term in i54l is a component of (Aq, T(B fo )), where B £o is a function 
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bounded by Ceo- The second term in J54t is bounded by a constant as before. The 
second term on the right-hand side of the equation which replaces J53t is 

f a(X) f y x T t x (Y)(v(Y)-A t (Y)K^<p(Y)da(Y)da(X) 
Jda h Jdci 

+ f a(X) f V x T t x (Y)(v(Y)-A t (Y)V ( p(Y))ar-X)da(Y)da(X). 

JdQ h JdCl 

The first term here is a component of (Ag, T f (77B2)) and the second is again bounded 
by a constant, so we have from Calderon-Zygmund theory, Theorem 14.61 and 
Lemma l4~T0l that 

IIT'^IIbmo < c + (C + C||T(B 3 )|| BMO )P f0 || L ~ (R) 
<C + Ce \\f (BsJHbmd, 
which leads to the second inequality. ■ 

It is now straight forward to complete the proof of Theorem 14.51 Lemma 14.111 
allows us to conclude 

l|T f (B 2 )|| BMO < C + Ceol|T(B 3 )|| BM o < C + Ce (l + ||T f (B 2 )|| BM0 ) 

so we can choose £q sufficiently small, depending only on k and the ellipticity 
constants, to hide the BMO-norm on the left-hand side and conclude 

(55) I|3*(B 2 )IIhmd < C. 

Note that we must check that our a priori assumptions imply that ||T t (B2)|| BM o < 00 
in order to justify the last step. We can prove this quite quickly in our situation. 
First, observe that, via Theorem 14.61 and standard Calderon-Zygmund theory, it 
sufficies to show ||T f (B4)|| BMO < °° for some other bounded B4 with bounded inverse. 
Also we have that y i-» cp(y) - a y G C^°(R) for some «o £ R/ so \\(p(y) - «o3/IIl»(r) = 
M < 00. Choose T] e C"(R) so that tj(s) = 1 for |s| < 2M. Setting d (y,s) = 
s - aoy - T](s - aoy)((p(y) - ot^y) and, applying Green's second identity to TL and do, 
we obtain 

d (X)- f T t x L t (d )(Y)dY= f T t x (Y)v(Y)-A t (Y)W (Y)da(Y) / 
Ja JdQ 

since do = on <?Q. Taking the gradient in X we have 

vdo(X)- f v x r^L f (d )(Y)dy= f Vxr^y)(v(Y)-A f (y)Vdo(y))da(y). 

It is easy to check using \26l that both terms on the left are bounded, thus so is 
the right-hand side. But, if we choose B4 : R — > A1 to be the diagonal matrix with 
diagonal entries both being v ■ A'Vdo, then control of the right-hand side above 
controls the columns of ^(64), and B4 is indeed bounded with a bounded inverse. 
Thus ||T f (B 4 )|| L »( R ) < 00 and so ||T t (B 2 )|| B MO < °°/ as required. 

We can then use {55} and Lemma 14.71 to apply Theorem 14.61 and obtain the 
desired bound on the L 2 operator norm of T (and T via Lemmata OJ Qui and 
14. 11^ . completing the proof of Theorem l4.5l 
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5. BOUNDEDNESS OF THE LAYER POTENTIALS ON BOUNDARIES WITH ARBITRARY 

LlPSCHITZ CONSTANTS 

The aim of this section is to remove the necessity for £o in Theorem 14.51 to be 
small. We formulate this as the theorem below. It is proved by applying the 
build-up scheme of David 1 9 1 . 

Theorem 5.1. The conclusion ofTheorem \4.5\ holds with ao = and £q = k/8, that is, the 
conclusion holds for an arbitrary Lipschitz function (p. 

Theorem 15.11 will proved using the following (|9 Prop 10] and \17, pllO], res- 
pectively). 

Theorem 5.2. Let £o > 0, <p 6 A fc (eo) be such that \\<p' - aolli,°°(R) ^ £o, and I c R be an 
interval. Then there exists a compact subset Eel and a function ip e A k+ iff (9eo/10) such 
that 



3(l + (fc + £o) 2 )* 
(p(x) = ip(x) for all ie£, and either 

4 

- ~£ < \p'(x)-a < £ Q or 

4 

- £o < i^'( x ) ~ a o ^ r £ o almost everywhere. 

5 

Theorem 5.3. Let K : R 2 — > M be a Calderon-Zygmund kernel. Suppose that there exist 
constants 6 e (0, 1] and Cg > such that the constant C appearing in 0, @) and ( ITUt 
is no more than Cg and, for all intervals I, there exists a compact subset Eel and a 
Calderon-Zygmund kernel K[ : R 2 — > M have the following properties: 

\E\ > 6\I\; 

for all x,y e Ewe have K[(x, y) = K(x, y); 
and ||TJ|| L 2 (RHL 2 (R) < Cg, 

where is the maximal singular integral operator associated to K[. Then the maximal 
singular integral operator T* associated to K is bounded on L 2 (R) with ||T*|| L 2( R )^ L 2( R ) < 
C(d)C 9 . 

Proof of Theorem \5 r I\ It suffices to show that Theorem l4.5l holds for cp e As (k/8). 
To this end, with £q as in Theorem l4.5l pick m so large that (9/10)' n A:/8 < £q. Then 
Theoreml4~5lholds for <p e A fl "' ,c ((9/10) m fc/8), where a m = 1/4. 

We now claim Theorem H31 holds for cp 6 A fl »'- lfc ((9/10) m - 1 fc/8) / where a m -\ = 
1/4 - l/SOCg/lO)"'- 1 . To see this fix <p 6 A fl " , - lfc ((9/10) m ~ 1 /c/8), then for any interval 
I apply Theorem 15. 21 to obtain a compact subset E C I and a Lipschitz function 
(pi 6 A fl '»' c ((9/10) m A;/8). Denote by K h the kernel obtain via 03 as K was but with 
cp replaced with <pj. Then Kj satisfies the conditions of Theorem 15.31 with 8 = 
1 / (3(1 + k 2 )i ). Indeed, Corollary l4.2l tells us that K\ is a Calderon-Zygmund kernel, 
Theorem 14.51 tells us that T* is bounded on L 2 (R) and the remaining properties 
follow from Theorem l5.2l 

We can now repeat this argument to show that Theorem 14.51 holds for <p e 
A«- 2 *((9/io)>"-2fc/8), where a m - 2 = 1/4 - l/80((9/10) m " 1 + (9/10) m " 2 ). Continuing in 
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this way, after m steps we see that Theorem l4.5l holds for (f> e A" ok (k/8), where 

m-l 

i i 

•4 Ml 

Thus Theorem l5.1l is proved, and with it our main result, Theorem ll.4l 



I _ L y > I _ JL y (Li - 1 

4 80 2_j lioj > 4 8oAAlO/~ 8" 



Appendix: An Example 

Here we will show that given any p > 1 there exist operators for which (R) p and 
(N) p do not hold. 

Recall the operators L;, = divAV-,forft > 0, appearing in 1 19. Thm (3.2.1)] where 

A = ( 1 m(x) 
I -m{x) 1 

and 

, . /ft, x ^ 
mix) = < , n 
w 1 -ft, x < 0. 

It is shown there that u solves L%U = in R+ if and only if u is harmonic in the 
quarter planes {X = (x, t) \ x > 0, f > 0) and {X = (x, t) \ x < 0, t > 0), smooth up 
to the boundary except at (0, 0), continuous at (0, 0) and satisfies the transmission 
condition 

u~ - u\ — 2hu t = on {(x, f) | x = 0). 
As a result they show that the function w : R+ — > R given by 

_ / Im ((* + il ) a )' x >° 

W{X, t) - | j m(( _ x + it y^ x < 

satisfies L^zv = if and only if ft = tan£>7i/2, where b = 1 — a. We can readily check 
that 

w = 0, d x w = 0, and d t w = a\x\~ b on <?R+ 
Now solve (3) with data / e C^°(<9R5., R) such that f = for |x| < 1 and |x| > 2, 
/o = 1 for 9/8 < |x| < 15/8, and f > to obtain u e VV^^R^.) via Lemma O An 
application of the comparison principle |18 Lem 1.3.7] shows that on {(x, t) \ \x\ < 
1/2, t = 0} we have 

dtU — d t w, 

thus d t u ^ \x\~ b on the same set. Now, if bp > 1, we have H^tMlltp^ 2 ) = 00 an d 
the regularity of the coefficients ensures that Vw converges everywhere on the 
boundary except perhaps at (0,0), so ||N(Vu)||/j.(5 R 2) = oo. However, ||dxU|lx^(dR2) < 
oo, so given any p > 1 we can certainly find b and h so that (R) p does not hold for 
L h inR^. 

We can now show that (N) p cannot hold for the conjugate operator, which has 
coefficient matrix A = A { / det(A). Let u be the conjugate of u defined by \Y7) . Since 
(«, u) satisfies fl6l . \\Vu \\^(a) < 00 ar *d again the regularity of the coefficients ensures 
that u is the unique solution to (3 with data v ■ AVu. Since the conormal derivative 
of u becomes the tangential derivative of u and vice versa, ||v • AVu^ip^i^ < oo but 
II<5iw|Ili(5r2) - °°/ therefore, as before, we see (N) p cannot hold for this operator. 
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